XYNAPTHZEIX OPIA XYNEXEIA OEQPIA

OEQPIA 1

Al. No anodeiEete on oL yoogues mapaatdoels C xon C wov guvaprjoey £ wo f -1

elvol CUPHETOES 00G TROS TV evBeln y=X.

A2, TI6re &io ouvvagnicels £ ron g Myovin, ioeg;

B. Na yoeoaemoioete g npotdoelg mou axohouboty yodgovrog ) A6En Leoto 1

Adfog Simha 10 Yodpupuo Tov mrl:lmmxef oV #dBe mpdtaom.

o} To civoro Ty mg f elvan To aivoro f(A) Tov Tetaypévay Tov onueiony mg
G.

B) Avfgh elvon teis ouvagniosg non opitetol 0 ho(gof), Téte opiteton xoan
{hog)of xaw woyves ho(gofy=(hog)of.

1) Yrdoyouv cuvagmoeg mov sivon 1— 1 akdd dev efvau yvioiwg povotoveg,

8)  Kdadfe opullévnia eubeia tépver T yoaguxnr magdotaon pag 1—1 cuvdgTnong
f 1o moM3 o€ éva onpeio.

OEQPIA 2

Al AvP(x) eivau pic mokvwvupen) ouvdpmon, va amodeEete 6l
lim P(x)=P(x,).

X—Xg

A2,

Na dirrundioete 1o xoroiowo rapspupolic.

Na yapaxmeioete T1g mpoTdoelS Tov axohovBotyv yodgoviag T A£En Lootd 1
Adfog Simho oT0 yodupue wov evTLoTOVKED OV HGDE TETHOV.

«)

B)
)
%)

o va avalymijoovie 1o dpLo jag ouvdgmongs f oTo X, TEETEL TO X Vit
avijrer ovo wedio opLopo me f.

lim f(x)=£¢< limf h)=¢

Jim #(x)=£ e limf(x, +h)=¢.
Av lim f(x)>0, e f(x) >0 xovté, oto Xp-

X—%g

Av oL cuvagtiioes £, g €xouvy dpto oTo X now LoyUeL

f(x)<g(x) wovid ov0 Xy, 6% lim f(x) < lim g(x)-

X—rXg EES Y

OEQPIA 3
Al. No dwrunrdoete xoi vo omodeiEete 1o Bedonue evaidpecwy Tydy .

A2, II6te Ba Adpe du pio quvdomaon f elivon ouveyic o éva anpelo x, tov nediov
oQuIpOs MS;

Na yapormoicete ng mpordoels nov axohovBody yodpovrag o) AEEN Leotd 1
AdBog dimha oro yodupa ov avucrouel oe kdfe mpdrao.

a)  Av pua guvdgtion f elvon ouveic oto xkelotd hudomua [o, B] #o e

B.

)]

7)

b)

f(a)-£(B)>0, t6ve v eEicwam f(x)=0 dev £xe1 il OT0 AVOLXTE didoTpe
(@, B)-

Av e ouvdgmon f elvon ouveyrg o fva ovvoho A nau Sev pndevitetan o
o, 1ore 1) £ Samnoel tpdomuo oto A,

H ewdva f(A) gvig dlaomipartog A péga puag quvexods xon un orafeon
auvapnang f sivon dudormuct.

Av f slvan ouveyic ovvdpmnon oto (¢, B), tore n f mailpver oto (o, B} o

péyorn Ty M zow o shdyuoen tuynd m.



XYNAPTHZEIX OPIA XYNEXEIA OEQPIA

OEQPIA 4
Al TIGte Aépe 6m pia cuvdgmon £ eivan ovvepic o §va avorrtd Sidompa (o,B) xot
néte oe Eva wherard fudomua [o,f] Tov mediov ogropos mg;
A2, Tl6te Mpe du pio ovvdgmon f magovoudfer olxd uéoro ae %dmowo onpeio x, Tov
mediov oQUoNOT ™S

B. No xopoxm(oeTe TG TPOTACELS TTov axohovBovv yodpovias ) AEn Zeotd 1
AdBog dimha gro yeduuo mov aviotovel oe wade mpdtoon.

a)

P

Y)

)

Av e ouvdomon £ elvan cuveris 0to X, 1oL jic guvagmon g eivou cuvexc
oo f( x, ), 10te N oVvBe] Toug gof efvan ouveyic oto Xy .

To givoho Tpodv pag ouveyovs auvdgmnong f pe aedio oguopot 1o [o,f] eivon
10 ¥AEV0T6 Sudornpo [mM], mov m 1 eidyom) xon M n péyom tung mg.
Av pio ovvdptnom f elvon yvnolog avEovon ot éva avowtd dudompea (a,f),
TGTE TO CUVOAO TIEV TN OTO didamua ovtd sivon to dudotua (f(a), 1(B)).
Av pio ouvdgmon f dev elvon ouveyis oe svo hdompa [a,B], tote v f dev
TOQVEL 0UTE eEAAOT ovUTE pEYIoM TYn] o'ortd To Sudompa.

OEQPIA S

A. 1.
2.

[T6te o cuvapmon f:A— R Aéyetn 1-1;
Av f, g sivor ddo cuvaptioelg pe nedio oplopot A, B aviiotoiymg, tote T
ovopaLovps ovvlgon g f pe T g Ko moto eivon o rEdio opropot ™;

B. Noyapoxmpicete T1g napokdto apotdosts pe Zootd (L) § Adbog (A).

10

Av o optdvtic evleia Tépver m ypaoikn ropdotacn mg covdpmong
oc dvo onpeia, toten f deveivon 1 - 1.

‘Eoto n owvépmon f. Av £TA ko £T A,, t6te FT (A UA,)

‘Eoto n oovdpmon f:A—R n omoiq eivar 1 -~ 1. Toxder ot
f(£7' ()= x newdds x €F(A).

Avnovvapmon f eivar 1 -1, tére ko £ gtvon 1—1.

Or ypapikés rapactaceg C kar C' tov cvvoptioeaw f ko ™ sivan
CLUPETPIKEG ¢ APOG TV evbeia y = X

T kowd onueie TOV Ypa@KeOY TEpacstdoemy tov cuvdpticemy ko
f~' Bpiokovian méve oty evleia y = x.
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OEQPIA 6
A. Na ypayete 1o kprripto mapepforic.

B.

N yapuKTpIleeTe TIg TepaKkdTon Tpotdosis ue Lootod (X) 1 Addog (A).

ii.

iii.

iv.

lim £(x +h) = ¢ & Tim £(x) =
* ]

Av o ovvapman f eivon opiouévy o éve oOVOAO NS HOPOTS
(o, Xg) U (x,P) ke eivanr  Tim f(x) =/, té1e lim f(x)="/.
X—N, X—X,
Av lim [{(x)|=7/, tote xat’ aviaykn Oa sivar lim f(x)=/ 7
X—+Xg XXy
lim f(x)=—"/.

XX

Av f(x) <0 kovtdoto xj, tote lim f(x)<0.
XXy

Av lim f(x) < lim g(x), 7tote vmdpyer o Kovrd oT0 Xy TETO0 DOTE
X=Xy X—X,

(o) < g(a).

No entlééete ) 66T andvinon oe kebepio ond Tig TUPUKGTH TEPUITHOELS.

i.

iii.

Av lim f(x) =7 ka1 {(x) < 0 Kovid 610 Xg, TOTE KO aviykn Ba sivon:

XX,
A, (<0 B. /<0 . 7>0.
Av lim |[f(x)]|= 0, tots:
X%,
A. Aevumdpyer to 6po mg { oto X, B. Iimf(x)>0
X—X,

I. lim f(x)=0.

X X,

Av lim f(x) < lim g(x), 10T€ KOVTG GTO X( EivaLL:
A— X, XX

A f(x) <g(x) B. f(x)<g(x) . f(x) > g(x).



YYNAPTHZEIX OPIA XYNEXEIA GEQPIA
OEQPIA 7

A. 1, Tiéte p cmvt%tpmcm f ™ Aépe ovveyn 6to Xg Tov mediov opropod g,
2. Nua ypayete to edpnua tov Bolzano. ITowe 1 yemperpuen eppnveia aotow;
3. Noypayete To Gedpnpua sVOIAUESHV TULOV.

B. Nayepokmmpiocete 11g napoxate npotioels e Tootd (T) 1) Adbog (A).
‘Ecto o ovvapmon f:[a, B> R.
1. Av f(o)-f(P)<0 xenywxdbe x<(a,B) sivar f(x)#0, to1en f dev

gival cuveyng oo [d, Bl.

2. Avn f givar coveyng ke ywnoleg @bivoveoa, tote ([, B)) = [f(a), £(B)].

3. Avn f dev &ge eMipomn Tiun, 10te 1) L dev sivan cuveyng
4.  Avn f eiven oovexiic, tote 1o f{[a, P]) sivar Sidlompa.

5. Avn f eivmoovgyne, n Cp tépver tov nuidcova Oy’ ke etven £(x) # 0,
v kile x (e, B), tote f(x)> 0 ywxkabe xe(a, P).

IHAPATHPHYXEIX

‘Eote oL cvvaptioe f, g opiopéveg oto A.
AvyiexéBe xe A wyder f(x)-g(x) =0 dev &yovue o copmépacuo oL
(vwek@e xeA, f(x)=0) | (yluxdbe xeA, gx)=0).

Eivor yio k0e x, € A,

o f(x))e(x)=0 = f(x)=01 g(x,})=0

o f'(x))=0 o f(x,)=0, veN .

M cuvaption f propsl ve £ 1o ido eidog povetoving 68 00 Swetiporta
Ay, A; TOV Ediov oprepod ™G, HAAG O KAl oV fveron A LA, .

Avn f glvar yynoing povotovn 610 ot A, TotE:

e nelicoon f(x)=0 £ pia 10 ToAD pile oT0 A.

e 1 C; tépvertov &fova X'X oe éva 1o mokd onpeio pe tetpquévn X, €A

® av 0cf(A), nebiowon f(x)=0 Eyapia axpiPic pila oto A.

Av I TA v gl A, toteneficooy f(x)=g(x) £yet w10 7ok pile 670 A.

Av o< f(X}) <P ne ke xeA bsvioydsr minf =¢ ko maxf =f. Avto
fu jrav cwotd av o1 efwnceg f(x)=a ko f(x)=f siyav Adon oto A.
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Avn ovvapmen f sivar dprie, TétE 1 T dev elvan yvnoiog povotown.
Av 1 ouvaptrnon [ etval ywoiog povotovn, téte n  dev etvan dptia.

Av 1 ovvapmon f givar ispurt ko 0 D, , té1e £(0) = 0

"Egta 61t 1p ouvapnon I sivan apru.

® Xe cupperpikd w¢ pos o O dwothpara n foéxet
avtifigTo £idog povotoviag.

¢ Avn f mepovouilel 610 o péyoto (N €AdyoTo),

TOTE KOL OTO — ¢ AAPOVCIALEL pEYISTO (1) EAGIGTO)
o f(a).

‘Eote 611 ) svvapinen f civen meprrn.

® It ouppETPIKE ®¢ Ttpog 10 O dwothuara, n ¥+
£¢E1 TO 110 £i00¢ povorToviac. ; G
e Avn f mapovcudleroto a péyioto (W ehdyoro) B o O : .
: B x

1618 610 — 0 MEpoVOLGlEL eMIGTO (1] PEYIGTO)
10 —f{0).

H Cr é&yet dEova cvpperpias v subsic €1 X = X ov Kot LOVO oV TO GUUUETPIKG

tov M g apogv & dniadh ro M'(2x, -x, y)eC,.
Anphotdny f(2x,-x}=y 4 f(x)=1(2x,-x)

H C¢ &xet xévipo copperpiog 10 K(Xy, ¥4) ov kot povo av 1o gopperpikd tov
M wgapogto K, dnpadh o M'(2x,-x, 2y, -y)eC,.

AMadh v Q2% -X) =2y, -y 0 F(x)= 2y, —£(2%, - %).
Avn f dev eivat avistpéyun, téte n [ dev givar yvnaimg povotovn.

Avn f sivan ywoimg avfovoa, T0Te T0 Kowd onueio tov C; ko C (T Bpi-
GKOUNE amd 11 AMon g eEiIsmong: '
fxy=x 7 f'x)=x

Avn f ev sivan yvnoing avgovsa, ToTe o Kowd enpeic tov Cr k. C ., o
Bpioxou)le amd 1) AHGH TOL CUGTANNTOS:

y=f(x) y =f(x) x =f7(y)

o = . = .
y=1"(x) X =f(y) y=f7(x)
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[Ipopavag 6An Ta kowd onpeic g Cp kat C - Y4
£y

dev Ppiokovian mdver oty evbeia & y = X. Ty,
y=f0=(x)

Av f(x):l, TOTE f'l(x)zi, omoTE O
X X
Cf‘EC[—1-

—
X

Avunapystto lim f(x) o efvar
¥—Xg

P e f(X)>0 xovidoto X, 1076 liMf(x) 20

N—xy

e [(x)<0 xovidoto X, t01e lim f(x)} <0

P e Av limf(x)> lim g(x), dre f(x)>g(x) xovidcoto X

e Av lim f(x) < lim g(x), ©éte f(x) < g(x} xovid oto X,.

i. Av lim [f(x)| =0, 161¢ vrapyerL 10 6pro g f 010 X xegiven lim f(x)=0.
KXy

Ky

ii. Av lim f3(x) =0, té1e vndpyst to dpro mg f 670 Xo ko civen lim f(x) = 0.

X—dg xA—ig

Iayvouy
* limf'(x)=0<« limf(x)=0 b d lim‘f(x)l=0¢:» lim f(x)=0
K=y KXy _ , KX XXy

Agv Loyvouy:
X—)Xﬂ

® Av limf*(x)=£, tote umépyetto lim f(x) wotgivar lim f(x) = Je.

e Av lhm |f(x)|=7, tétcondpyerto lim f(x) kotcivor lim f(x)="/

A K,

Y

Vi
Av f(x)= u, tote imf’(x)=liml =1 Ce
X x—0 x—+0 lom — =
lin& [f(x)|=1, svon f dev éyst opro oo 0, 1ot
X 0 :
lim f(x)= -1 # 1 = lim £ (x). !
L X—r _1
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. 1 v . 1
® lim———-=+00, veN e lim =+00
X=Xy (x - Xo)- X=X, | x—= XU |
. 1 : . 1
® lm———=—x ¢ lm———~=+0c, v€N

2v] i 2yl

x=%g (X — Xq) X=X (X —Xg)

1 .
® Aszvumdpyarto lm ———  veRN.
px Xt Xg (X _ XO )2v+l

Av npovvapmon f ue redio opiopon 10 A vl GUVEMS 0TO X TOTE:

® X, €A ' ® Yndpysato lim f(x)
N— X,
e Jimf(x)eR ) f(x,}= lim f(x).

® Av i [ elvan ovvgmc kot ywnoiog povotovn oto  [a, B] kol oymer
f(a) - f(B) <0, 161em eéicwon f(x)=0 &ysi e axprpog pila oto (o, B).

¢ Avn f sivan ooveyiig oto [a. B] wowoyier f(w)-f{B)<0, 1612 n elicwon
f(x) =0 &yet o toviiotov pile oto [a, B).

® Avpy, pr Swdoynkés piles g cvveyovs covdpmeong f pe py < p., t0TENM T
azo (p1, p2), dwmpel ctalbepd Tpoéonpo.

Av o ovvipmon f civan ovvepig kal yynoiong avéovoa 6To

¢ A = (a,p) tote f(A)= ( lim f(x), an[;l f(x))

e A =1Ja,pB], e f(A)=[fo), [(P)]

¢ A=(apl e f(A)=(lim f(x), ()]

Av i covapman { siven euveyfig ko yyneiog ¢divousa oto
& A= (q,fB), to1s f(A)=( lirg_ f(x), lim f(x))
X H—O

& A =[q,p], e f(A)=
e A= (a,p], e f(A)=[f(P), l_iArn+ f(x))

AITANTHZXEIX
O1: XXX

02: AXXA

®3: AAZA

04: XXAA

O5: TAXEIA
®6: ZAAAXBI'B
O7: TAZAA



®EQPIA TTAPATQIOI (Mépog A)

OEMA 1
Na yapaxtnpicere TIg Tapakdte TpoTaceig pe Laotd (X) | Adbog (A).

‘Eotey n suvapmon f ko x, € D, .

f(x)—f .
v. Ay f’(xo} = 0, 1018 M > 0 ye k@fe x KovId 6TO X,
®EMA 2
N¢ OPUKTNPIOETE TI§ RUPUKATW TPOTAGELS Pe ZOoTO () 1 Adbog (A).
1. Avn f 8ev sivar Guveyng oT0 X, 10Te 1 T v eival ROpaymyiciun 6To Xo.
f(: hy—f(x
2.  Avn f sival tapayeyiopn oto Xy, 10t (X, ) = lim X, + h) (XO}.
h—t
3. Avnovvapmon | eivol mepayoyiciun toTe,
f'{x f'(x 1
L9~ (i )y B = =[——]
f(x} -(x) f(x) )

ji.

iii.

iv.

f(x)—10
Avorapyerto lim M
X—x, X — XU

(%, +h)—f(x
Avn f sivou ropaywyicin) 610 Xg, T0TE l|"?1 1 [) (X))
-0 1

Avn f eival ouveyic 610 Xe, TOTE T | Siva Tapay®YIoT OTO Xy,

Av1 T dev givaw cuveyf|g ato Xy, T0Te 1 | Bsv glvan Topaveyicyn o1o Xp.

¥. F(x) = ooV’ f{x) - (eof (x))

, oteENn [ eivin rupavovicyn 6To Xe.
¥

4. Av ot ovvaptijosig f, g sivan Tapaymyioypneg 610 X, , TOTE 1] GVVAPTNON

®EMA 3
Na yupaktnpiosre 11 rupukdre tpoTdosts He Zuotd (L) N Adbog (A).

1.

2. Avévo péyeBog y = f(x) ghotTOvETOL PE pUBRG ¢ 0C TPOS X GTO Xo, TO-
1€ given a > O
3. Av f(x,)<0, 1018 N yovie mov oympatile i spantopévy ot Cp 610 Xy
pe tov @Eova X'x Bev eivan apBieia.
®EMA 4

Avnevboio gy =ax+[ sival spantdpevn G YPUPIKT TUpACTOGH MG

owvépmnons f oro xy, toten f eivat mepaywyiciun 6to x,.

a) Av o suvaptnon eivar mapayayiown 6° éva onueio x,,, téte givat

KOl GOVEYTG OTO GTHEID AVTO. Oz

(E&craoeic 2002 xon 2004)

B) Av e cvvépmon f eivar covexiic 6° éva onpeio X, , 107¢ sival

KO IOPOyOYIGUT 610 GPELD ovtd. >

(Elerdaaeg 2002 wor 2004)

T) Av e Tpayponikn covapton £ dev eival suveyng o¢ £va onpeio X,

TOTE dEv PMOPEL Vot Eivan Tapaywyicyn 610 X, . =
(E&erdacic 2006)
8) H ovvéprnon £(x)=vx , pe x 20, eiva napayeyioyn oto 0. D>

-1-

f+g eivan mapaymyioun 610 X, kau woydew: [(f+9)(Xo)] = f'(Xo)+9 (Xo)

=
[

-

LJA

L1A



®EQPIA TTAPATQIOI (Mépog A)

g) Aveivan £(0)=0, 76t ko £'(0)=0.

ot) Hovvapnon f (x) = XVX glvan mopayaviciun oto 0,

) H cuvéptnon f(x)z{ )

1) Av e ouvéptaon f dev siven ropaymytoun o éva onpgio X, to1€

2%, ov x>1

X%, ov x<l1

dev sivon cuveng 610 X, .

8) Twx ) ovvdptnon f{x)=ocvvx wyoer f'(0)=1.

v um ovvépmon f{x)=x" wyde

ar() _

®EMA 5
Na COpRApOCETE T TUPAKATY KEVR HOTE v TpoKIyouy aindeic npoTd-

GEIC,

‘Eotn pue cuvapton {7 mapaywyicyl) oto X,

i.

it.

ii.

H gportopévn 115 Cr 0T0 X £YE1 GUVTELESTI £,

H géicwon g spantopévng g Cr 010 X, sivot

Av & N sportopévn e O OT0 X, TOTE:

o e/x'x & fl{xy) = ...

Ox
Llz

efven mapayoyioyn 610 x, =1. L1z

Osx
Oz

Ll

B. Avn & omuatiCer apfleic yoviu pe tov déove x'x . civaon £(x,)....

¥. Hxhionms f oto xo eivarion pe ...

270 SImAavo YUY OUIVETUL T} YPAQIK) Tupd-

OTOOT KOG CUVAPTONG T KOl 1) £QamTOpEVY

™ms

£ OT0 X, = o. No emislete T OWOTNH

¥4

ATAVINGY.

A,

B.
T,

flo) o) = 0
fla)-f'ta) > 0
fo)-flo) < 0.

‘Eoto n nepayeyicyn ocuvapmon R —-E g
OMOIOG 1) TAPAYOYOS SIVHL CUVERNS. 21O SAAGVO
oY paivetal N ypukr mapioract mg ko
O\ EQUMTOEVES QUTHG 6Ta onueia o, B. v.
Na kivete Tov mivake mpociipey g .

m/<
W

[TaA
O A

1A

CJA
A

[JA




®EQPIA TTAPATQIOI (Mépog A)

OEMA 6
a) Av 1 ovvapmon f eivon napayayioym oto 0 ps £{0} =0, to1e:

f{xo)—f(xo+h)
h
¥} Avn ovvipmoen f eivan rapoywyiciun 61o X, 167€:
f h)-f
l]m (XU+ ) (XO)___fr(XO)
h—0 T‘“,],h

Av li
P Av i

3) H ovvépmion f yu v onota wyver £(1+h)=h’ yuaxéde heR,
gival mopaymyiciun oto 1,
£) Av 1 ovvapmon f eiven tapayoyioyn oTo X, , TOTE:

_ f{x +h)-f(xq)
i = )

OEMA 7
a) Eoto n ouvdpmon f(x)=ovvx, dnov x € R . H cuvéprnon feivat

napayeyiown ko wwyoel f'(x)=-nux . (Eletdastc 2004)

B) Eoto n cuvdpmoen f(x) = Jx .H cuvipmnon f eivor tapayoyiowpn

2
o710 {0,+0) ko wydet f'{x)=—7~. (Egetdosrs 2004)
o Ux
Y) Ioyoer (npx }’ =~-owvx vy kole xR . (E&erdoeg 2003)

8) Eota n cuvapmon f(x)=vX penedio opopod A = [0,+0) .
Téte sivan £'(x) = A , Y k@de x >0, (Eéstdosts 2006}
Jx
£) ‘Ectm v ouvapmon f(x) =nux pe asoio opiopov to K.
Tote f'(x)=-ovvx yia ke xR . (Eetdaec 2007)
o7) ‘Eote e suvépman f: R — R. Tote woyver {'(0)= (f((}))r .
{) Eotm wa mepeyeyicwn cvvdptnon f: R — R . Téte woyen:
f(x}=(f(x))
) Tt svvapmon f(x)=e* wyoa £{1)=£(1).
8) I ) suvapmon £(x)=nux woyoel £(0)=0.

1) Av o covaption f éxet medio opiopot 10 GOVORO A, TOTE
KoL ) mephyoyos £ el redio oplopoy to A.
w) T m oovépmnon f(x)=x wyde £*(x)=0.

®EMA 8
o) Av o1 cuvapoeg f, g sivan mapoywyiones oto X, , 1018
novvapnon f-g etvou mopayomyiown oo X, Kut 1oxOeL

(f-2) (x)=£'(x0) (o) (Estdosc 2004)

O OaA
O [JA
ix [Oa
o Oa
Ox 0ia
O OaA
s OA
Lz Oa
O Oa
Ll A
s Ua
Oz OA
O OJA
O A
Oz OA
s Oa
= A



®EQPIA TTAPATQIOI (Mépog A)

B) Eoto 1 cvvaptnon f{x)=eex. H owvapmon f eivan mapayoyioym
oto A=R—{x|ocvvx =0} ko1 oy0et:
f'( x) = ! S (Elerasas 20035)
aguvx
¥) ‘Ecto 1 ouvépton f(x)=egx . H cvvapmon f civan repayeyioiun

oto R, =R—{x|cmvx =0} KOt WOYVEL
-1
GOV X

) Av ot ovvapriioeis £, g sivar mopayoyiowes oto x,, ko g{x,) =0,

f'{x)= (Egerdosis 2006)

. . f . ,
TOTE 1) GUVAPTIIOY — Elval Tapayoyiciun 610 X, Kal loydel
g

!

f _f’(xo)-g{xohf(xo)‘g'(xﬂ)
= | (x¢)= Ti.
g g (%)

£) H rapéywyog g auvépmong f{x}=x’ +nux oto onpeio x, =0

. (Eferacerc 2006)

1Go0TaL g 1,
o1) loyhel on (xz -cmvx) =2X-GUVX — X -NX .
&) H mapayoyog g suvapmone f(x)=x? +t* sivar:
t'{x)=2x+2t

n) I T suvapTon t‘(x)zllz, x>0, given f'(e})=0.
X

@) H owvapmon f(x) = XX givan mapayoyion o1o [0, +e0) .
1} Av ovovvapmioslg fkal g dev sivar rupoyayicipeg o1o X,
tote M f +g Oy elvon mapaymyiciun 610 X, .

®EMA 9
o) Ioydel o Thmog (3") =x-3*! e wéfe xe R . {Ecetaoeic 2006)
B) Tha xéBe x = 0 1woyder (ln‘x”, = 1 . (Eferdoerc 2006)
X

7) Ioybdel (np2x)' =guv2X nekole xeR.
3) e ) cvvaptnon f(x)= ' 1opber f'{0)=0.
) Hovvapton f(x)= Vx* +1 givor napayeyiown oo x, =0.

ot) Enzion (\/;) =—l—,‘Yl(I x>0, t61e givan (\/ﬂ)! = !

2Jx 2J2x

£) Avn ovvapnon f eival rapayeyicn oto B, tote woydst:
(£ (mx)) = £ (nax) - ()

f

7)) TN kdbe x € R oyde (e_zx) =—e’",
0) INw ) ovvéptnon f(x})= ne’x 16y0el f'(x)=mu2x.

=X

1) Ocwpodps ) covépmen f(x)=e™*, x e R . Tére givon:

f'{x}+f(x}=0

Oz

>
s

A

HFN

A

O A

A
A
A

CiA

LA
L1A

3a
OA

Lia
Ca

ETA

O a
Cla



®EQPIA TTAPATQIOI (Mépog A)

OEMA 10

o) Tat svvapmon f{x}=npu2x oyder £"(x)=4nu2x.

B) Av yla pie ovvaptrion foybel £'{x)= (x2 + 1)2 , TOTE giva:
t"”(x)=4(3x2 +l)

¥) Tam ouvapmon f:(0,+0) > R pe tino f(x):ln(%]

1oyveL f"(x)=—l; Yo kéfe x > 0.

OEMA 11
@) O cuvieiestic MEvBUVEN G A TG EQATTONEVNS GTO onuEio
A(xo,f(xo )) , TNG YPupIkn¢ mopdotacng C; pag covaptnong

f, napayoyiowng oto x, tov nediov opiopow Mg sivor A =1F"(x,).

{Eéeraoccc 2004)
B) H ypagui mapéotacn g suvapmong f(x)= % £y€l
x p—

spantopevn gvbeia oto anpeio x, =1,
Y) H s@antéuevn evbeia g cuvapmong f(x)=x+nux oo

. L .
onueio X, =3 Eyet whion L.

xz, ov X221

3) H ouvépmon f(x) ={ £YE1 SQOmTOPEVT

I-x, av x«l
eubeia oto onueio x, =1.
£) H epantopevn evbein g cuvépmong f{x)=x"+2x ot0
onpeio X, =1 sivon mapddinin pe mv evleta y=4x +3.
ot) H epontépevn svdsia g covapmong f(x )= x° 610 anugio
X, = -1 oynpotiCe ofeio ymvia pe tov dfove x'x.
£) H spantopevn evbeia g covaptnong f(x)= x® 610 oNuEio
0(0,0) eivor 0 dEovag x'x .
1) Av o pa cvvépmion fioyde (1) =—1, 161 n epomropévn
mg Cy oo onpeio g A(L£(1)), oxnuarifer yovia 45° pe

tov nuidEova Ox.
0) Av yia pia ovvéptneny fioytel f '(xn }=0, 1é1e 1 epomTopévn

ms Cp 610 onpsio tg M(x,,f(x,)) iven nopéAinin A ravtiera

ue v evlein y=2.
U Av e ovvaption f eivar ouveng oto x4, 1o1e N C; €x61
spantopevn evbeia o1o onpeio x,, .

Lz

Os

A

O A

OA

N

U A

N

OA



®EQPIA TTAPATQIOI (Mépog A)

®EMA 12
@) H gubsia pe eliowon y = 4x — 2 spaazeton o1 YpAQIKn

napéoTacn mg cvvapteng f(x)=2x".

B) Av f'(x4) =% ko f{xq)=P, 1616  evbeic y =Ax +P
EPAAMTETA OTH TPUQIKN Rapastoon g £

¥) Av e suBeia TEUVEL T YPUQIKY TAPAGTOCT, HIUS CUVEPTIONG
o€ &vil LOVO GNEio, TOTE 1) EVOEIN SPANTETAL OTH YPOPIKT RUPE-

STACT TG CLVEPTIONS 610 anueio ouTo.
8) H ypapikij mapdotacn g suvépmmons £{x) = xnux spdrteton

atov GEova x'x oto onpeio 0(0,0).
) Av f(x,)=g'(xo) ko f'(xy)=g(x,}, 61800 C;, C, 8@PiATOVIOANL
GTO oNpeio pe TETUNPE X, .

6T) AV 0L YpaQIKES TaPUGTACELS HV0 cuvapTiceny f kol g spdrtovral
oto onpelo M(x,.y,), t6t€ 01 Cf | C, &xovv Kown EQUTTONEVT)

o610 M.
&) Or ypagueis mapactisel; tov osvvapticeay f{x)=1+x" kal
g(x)=1-x" epémrovion oo onpeio M(0,1).
W H eubeia y =1 dev spdntetar 6N YPUOIKY TAPAGTEGH TN SOVEp-
mong f(x)=nux.

0) Av 01 Ypa@Ikég TaPAcTAGEL; db0 cuvapTnoemy f, g Exouv kown
eQamtopevn subeia, 10T Yo kamo X, X, woydet £(x,)=g'(x,).

1) Av pia gvBein epdateton o1 YpapIkT TEPESTAGT| LG CUVAPTNONG,

TOTE T0 PoVadIKG KOtV onpeto Tong eivan T oNpeio emggng.
®EMA 13
o) H spantépevn evdeia e suvdpmong f(x)=x

oto anueio O(0,0) sivat o dfovag x'x . Os
B) H khion mg svvaptmong £(x)=In(ex) oto onpeio

A(L1) sivare. Oz

¥) H s@omtopevn evbeia mg ouvapmeng f(x)=nu2x oto onusio

Xg =3;— omuatilel yovia 45° pe tov dfova x'x . Oz
8) H ypagixi nupaotaon g svvaptnong f(x )= X° +X &8t

sportdpevn evdeio nov sivan napdidnin otov aova x'x . D>
£) H eponropevn evbeia g ouvapmong f(x)= e** 610 onpsio

A(0,1) givon mopdiinin pe v gobeia y =2x —1. Lz

¥

st

D>

Oz

0=

sz

A

A

OA

A

A

A

LA

LA



®EQPIA TTAPATQIOI (Mépog A)

®EMA 14

@) Av dvo petapintd ueyebn x, y covééovtol pe ) oyxéon
y =f(x), émov f givan Jue mapayoyyioyun cvvapmon cto
Xy, TOTE ovopalovpe pudud petaPforng Tov y @g TPog X

oto onpeio x, My mapdyayo £ '(Xo)‘ (E&eraoe; 2003) [z O0A
B) ©smpovpe ™ suvéptnon f(x)= x’ +x . Tote 0 pudpdg

uetaforng mg f og mpog x, 6tov X =1, 16ovTa pe 3. Lz Oa
7 Av (x4 ) <0, 161€ 10 péyebog f aviavetar dtov x =X, O Oa
8) O puduog petuforng tov epPudov E evig tetpaytdvon mhevpdg

{1, (G TPOG, TNV AALLPE TOV, 100VTAL PE 20t [z OaA
£) O pubuodg petafoing tov dykov tov dopatiov mTov BPIoKONAGTE

Topa eivon BeTKGE. Oz A

IHAPATHPHXEIX

- ; . Ty =10
P (f: repayayioyn cto Xy) € lim M cR
¥R X=Xy

lim f(x, +h)—fix,) cR
h—0 h

[ L fxoh) —f(xg)]|

=

Xy h—1

< lim

h—1

Iis Xy =0

f(xy—1fi{xg) — lim f(x)_f(xn)e[@_

P e (f: nopaywyioyn oto X,) < lim
! ll X_XU ‘{—.\',, X_h(}

® Avn f sivas mapayoyicyn oto Xy, 01
F(xg) = lim 1 =F o) - 100 = 1x0)
bt o X — XO hnd X — )(0
P e Avn f civon rapayeyioyn 610 Xy, T6TE T f siver GuveXTc 6T0 Xo.

® Avn feivan suveyng oo Xy, 1ote N { dev givan vmoypewTikd Tapuymyion
ato Xg .

® Avn f dev sivan cuveync 610 X, , tote 1)  Bev eivon tapaywyicn oo X.

| 2 H f’(xg) watd Leibniz ypagpetat ditx,) 1 dft)
dx dx {1 x=X,

‘Ecto i cuvéptnon f rapoymyiom oto Xy Kol o 1] yovie mov aynpatilet n epe-
wropévny € ¢ Cp 010 Xp pe tov dlova x'X.
Eiven

e (x,) >0 < o ofsia

* f(x;) < 0 & o apfirsia o fixy))=0&o0=20

P e ciixx & fl(xg) =0 o hx & fl(x,) =0



®EQPIA TTAPATQIOI (Mépog A)

‘Eoto e cuvapmon { napoyaytoun oto A. v
o Heudsie g1y = ax+B soanteton me € av f(xO)J

KO pOVO oV UTOPYEL X, € A TETOI0 MGTE
fixg) = ax, +p

-y

f'(xy) = o

o H C; spanteton oTov déove X'x  av kot pévov av y
. \ , f(xp) =0
LIapYEl Xy €A TETOO OOTE |,
5] X X
‘Eatm o repaymyiceg ouvapmog f, g oto xq.
Iayvel V4
Ci e

H guleio £ eivan xouwn spantopévn tov Cr xan C,
f(xo) = g(xy)
f!(xo) = g’(xu)

(xy)Fa(xp)

GT0 Xg OV KGL HOVO Qv I

‘Ectm o1 tapaymyices suvapthces f, g oto A.
H =svbeia € sivan kown epantopdvn tov C; ko Va
C, ov ka1 povov av unipyovv anpeic Ala, f(a))

ket B(B,g(B}} tér01x dote:

o f'(a) = g'(P) xm

ES

e 1 cpantopévn g Cr 070 X, = O Vo SEPYETIN 0 a i
aro 10 B.

¢ Tayvmyre - Emrayoven

Av N TETUNUEWN evO¢ KIYNTOD oL Kiveiton sLHUYPUpp cival X{t) TN ¥pOVIKH GTIYH)

t, TOTE:
& H tay0mTa Tov Kivntod siven u(t) = x'(t)

® H smrdyuven tov kvntov eivar o) = vt} ef(t) = x"(1)

® (To kivnro eivarl akivito) < vt} =0

¢ (To xivnTo Kveltal 6T BETiky kKotevbuven) <« u(t) > 0

® (To xivntd Kvelton o1V opvi Tk Katebbuvan) < u(t) < 0

¢ H ardéctao] mov SeviEL T0 KIVITO a6 T YPOVIKN STV t =t ms TN ¥Povi-

K oTiyp] t =t pue Y Tpobrdfson on fxel otabepn karevbuvon sival
S =|x(t,)—x(t))].
P Eoto 6t ta perafintd peyidn y, X ovvdéovion pe ™ oyfon vy = f(x), omov 1)
f givor apaymyiciun og Tpoc X.
Ortav Aéus otu
® 10 y avldvere o¢mpog X ue pubud o, evvoodpe 6t fi(xy=a>0

® 0 Yy ShaTTdVETaL ¢ IPog X UE pulpd @, evwoodpe dm () =-a, a>0

-8-
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®EQPIA TTAPATQIOI (Mépog B)

OEMA 1
Ne yopaxmQioete Tug motdoeig mov axorouBoiv yodgovias ™ AEEN EZaotd 1
AdOog dimha oTO YRGUUQ OV avTloTow el o XA Be mpdTaom.

a)  Av pia cuvdgmon f dev wavomolel xdnowa and 11 npoiinoBéoelg tov
Bewgiuatog 1ov Rolle ¢ éva Suidompa [a, B], 1éte n etiowon '(x)=0
eivon advvor oto (o, P).

By To Becpnpe tov Rolle eivan ewdinr] nepinmmon tov Bempruatos Méong
Tuwjc tov Alagogunoy Aoyiorom.

¥} Avyie dvo ovvegmiosic £, g el £'(x)=g'(x) v wudbe xeR*,
To1E UNAOYEL OTABEDG ¢ TETOWE, (HOTE

f(x)=g(x)+c ywr ndbe xcR*,
8 Av yu pia ouvdpmnon fuopiel /(x) <O yia 2d8e cowTeous onueio x evdg
. daonijparoz A, Tote 1 f eltvon ywnoins @Bivovoa ag 640 TO dlaoTnua A,
®EMA 2

Nat yapareioete TLg TEOTGoELS TOU axoiouboly yodgoviag T A€En Zonotd 1

AdBog dimha oTo yodpue mov gynotovyel og wibe Tpdtaon.

a)  Avyu e ouvdgmon fuoytel £'(x)=0 ya xdfe xeR*, tére n felven
atuBep oro IR*,

By Av o magayoyiown ovvdoon f eivol ywnalug pBivovsa o éva Sudommua
A, t6te f'{x)<0 yie nGBe xecA.

y)  Av o cuvagmices eivan guveyeig o éva duaomua A xan f'(x)=g'(x) v
#Be e0wTEQLKO oNpeio X Tou A, Téte yiot #wikBe x € A woydel f(x)=g(x).

8)  Av yto ua ouvdpmom floyter f'{(x}>0 yia %dBs xeR*, vdre nfelvan
yvnoing avovoa oe xabéva ond o Seoripote (-, 0) xa (0, +).

OEMA 3

Nat yopoxnmeicete Tig mpotdosig nov arxokovboty yodgovtag ) A£EN Zoord 1
AdBog dimha oTo Yodpsne mov avnoTowyel 0t wdde mpdtaom).

a)

B

)

0)

“Evar tomud péyioto propel vo givon purgGtepo and £va tomxd eAdyoto.

Av i cuvdomo f togouordet ehdnoto, tote outd Ba eivon to purpdtepo
amd T Tomd ehdnota.

Av ta cuvapton f eival 0pLougvn 0 éva Sidompa A, T6Te To £GOTEQLRG
onueie tov A gta omola ) £ nndeviCeton eivon BECEIS TOMUMY AHEOTATHVY

mg f.
Avn f'(x) Swamesl mgéonpo oo (o, Xy )U(xg, B) xonn f elven ouveyis

ato x, . tote 1 f givon yvnoiog povdtovny oto («, B).



®EQPIA TTAPATQIOI (Mépog B)

OEMA 4
Na xapurtyoloete ng npotdoas mov arokovBoty yodpoviag ™) AEEN Buetd 1)

Adbog dimha oro yodupa mov avTiotowel ag wdle mpdroo.

a) Avpa ovvdgnon f elvon xupm 0” €va Sdomua A, TOTE 1) eQURTOPEYN TS
yoogeric apdotaons ™g [ o wale onueio tov A Poioretan “rdve” ond
L YUQUI TS TAQGOTAON.

B} Av o ouvdpmay f elval 8o pogée rupayayiow xal kol oro IR, t6te
f'(x)<0 yuxr wdfe xeR.

v}  H spamtopévn g yoagurig tapdotacns wag ovvdptone f og #dbe
ONUETD nopmis ™g “Owategvd” v C;.

d)  Av to onpeio A(xo, f(xg )) elvaL onueio napmig wme yoUuELrig
napdoreons me f waw ) f elvon 860 @opés mugaywryionm, wéte f'(x,)=0.

®EMA 5

No yaeuxtnploete TIg TROTHELS OV axohovdovY yodpoviag 1) AFEN Zeotd 1
AdBog dimha oto yodup Tov avaoto el o8 wde mEoTao.

a)  Ovrolvuvupurés ouvagnioeis faduod peyahitegou 1 ioou tov 2 dev éyovy
COTURTUITES,
By  Ooweég ouvapoioeig pne fadud tov apBunm] peyalitepo Tovhduotov xaTd
B0 Tou Babpod Tou rugovopast, dev €xouv TAMIVIES CCUNITTOTES,
v)  Av e ovvagmon f elvon ovveyic o éva onpelo x,, 1ote 1) evBelor X =X,
dev pmogel va eivol xatandpren actumtwt) g C;.
. f'(x) . )
&)  Avundgyetto lim — (renepaauivo 1 AReo), ToTe
X% g (x)
f f’
tim £ _ iy T80
x-xo g{x)  x-% g'(x)
O®EMA 6

N yopaktiploste Tig fepakdte Tpotacsic ue Zoato (X) | Adadog (A).

1.

Av 1 oovapmon f eivan mapoyoyioyn oto (a. B) katwydovy fla) = f(P)
kou f(x) = 0 yukdfe xe(a B). toten f dev eivan ovveyig oto [a, .

Av pw cuvaptnon f eival rapayayiown oto [a, B] té1e v kéBe X e (o, B)
woyvel  f(B)—fa) = P—w)f'(x).

Av yie m oovaptnon f ioyder f'(x) =0 yaxdbe xeR, 1612 f siva
otabeph oo R

Av f'(x) = g'(x) yukabe x eR . 101 O ovvapmicerg T kol g eivor ioes.
Avn [:R >R eiver mapoyerylogpn kat dev eival avTIGTPEYILLT. TOTE LGPYEL
EcR tétowo wote n epantopévy g Cr oto M(E, £(&)) va sivon mapaiinin

ooV Gfove TOV X.



®EQPIA TTAPATQIOI (Mépog B)

®EMA 7
Nt YUPUKTIPIOLETE TG AAPARATA TPOTAGEIS NE ZOOTO (X) | AdBog (A).

b

[

Avn ' stvon ovveyng oto [o, B] kovwoydst F'(x) = 0 ynaxébs x o, B).

toten f sivan 1-1.

. Avn oovapmon f eivon ropayoyion oto (a. f) ka n epantdpevn mg G

610 X, € (¢, By sivol mopdrinin otov afove XX . TOTE TO X EIVOL TAVTOTE
b

8com TomKoU oxpoTATOL.

3. Avn f oev givon mapoywyioyn oto X, (¢, f). 1012 N f dev nupovoriler
aKpOTUTO GTO Xy

4. Avny f(x) Swmpsi otabepd rpoonpo 610 (o, X, ) U (X, B) xary f sivan
oUVEXTG OTO Xo, T0TE TO (X,) bev elvan tomké axpdtaTo.

5. To peyai0tepo omd 0 TOMIKG HEYIOTO JOG CUVAPTIONS EivVal HEYIOTO QUTHS.

OEMA 8

Na yapaxmmpioete 115 rapakdto tpotdaaig pe Zootd () 1 AdBog (A).

1. Av ma cuvapmnon f sival coveynic 6 £va didotpa A, 0o @opis nopaymyi-
Ol GTO E0WTEPIKO TOU A Kol £ivor KupTh, ToTE oydst ' (x)}>0 via kabe
E£GMOTEPIKO ONUEIO X TOv A.

2. Av Jua ovvdpmon f cival koidn 6 éva didomua A, T6TE N spartdpevy ™S
Cr oe k@Be anueio Tov A dev Ppioketan «k@tm» and ) Cy.

3. Av mw cuviapmon f sival 800 @opég rapayoyioywn oto (o, B} Kol oyVel
f7(x) # 0 yaaxébe xe(a,B), 1612 f dev rapovedle kapm oto (o p).

4. Av lim f(x) = £, 101 nsvbein y = £ Afyerar opillOvTi aoVURTOTIN TS
C; ot0 +o,

5. H ypooui nopactacn pag covaptnong f pmopsi va €xst Tpeig mhayieg aov-
UTTOTES,

®EMA 9

o) Av o covapaon felvan mopaywyicyn oto R ko dev elvan

QVTISTRPEYLIT, TOTE LUTGpPYEL KASI6TO StdoTtnpa [(1,]3] GTO ON0{0

n fixavoroiel Tig rpovmobicelg Tou Bempiuatog Rolle, Oz Oa

B) Av pua ovvépton f eivor mapayoyioyn oto [o,B], pe

f(a)=1(B), 1018 vadpysr £ e(0,B) tét010, doTE '(E)=0. Oz

7) Houvapmon f(x)=1+ocuvv2x wavonolel Tig apobnodéceig

100 Bempfiuotog Rolle oto Subomua [0,x]. Oz

3 Avyo o ovvdpon ©:[a.p] > R vrdpyet & <(a,p), dote

£) H ovvapmen f(x) ={

(&)= 0, tote 1 { cavomowst T1g TPoinodissig Tov Bempuutog

Rolle o10 [0,p]. [Jz

R
x 7, ov x<1 . i .
IKOVOTOLEL TS TpobnodEcelg

2x, av x>1

10V Bewpuatog Rolle 610 Sdompa [-1,1]. [z



®EQPIA TTAPATQIOI (Mépog B)

61) Av pia suvapmen f osv ikavoroel 6ieg Tig mpobmobécels Tov Bewp-
patog Rolle sto [o,B], tote Sev vrdpyer & (a.B), wote £(8)=0.

§) Av pw cuvipmnon f eiven mepaymyioyn 610 [a,B] KoL given
f{a)=1f(p). to1c vnapyer epantépevy gvbeia mg C, . n onoia sivo
TopaAinia i) tovtileTal pe my gulsia y=1.

N Av po rapaywyioyn covaptnon f: [—I,l] — R givar dpmia, 10T
dev vdpyel epantopevn evbeia g C; mov va £xe1 guvTeieoT
d1evBuveong 160 pE UNdév.

8) TN ™ ovvapmon f(x)=x-nu(x—1) vrapyel ToLAGRTTOV
gva £ (0,1}, dote (&) =0.

1) Agv vrdpyst yvnoing povotovr cuvéptnon f: [u,B] =R movva
kavomolel Tig Tpotimobécels Tov Bewpipatog Rolle oto [a,B] .

®EMA 10
o) Av p sovéptnon £ elvan suveyng oto kKheoto dwotiipa [a, Bl

KO TOPUYOYIoHN 610 avoktd ot (o, B), T0TE vIdpya
£(B)—f(a)

f—a

(Ecracac 2005)
B) H cuvapmon f(x)= JX kovorotei 115 TpolnoBEcelg

tou @.M.T, ot0 [0, 1].
¥) Avywe e guvapon 1t e, Bl R vadpye e, B)
f(p)—fio)

B-u

1Fyvovy oL npoinodiceig tov O.M.T. oto [a, (]

éva tovadotov £ e(a, B) tétowo, date (&) =

tétowo, wote (&) = tote iy f

&) H cvvaptnon fix) =|x‘n|.lx OEV IKHVOTIOLEL TIg RPOVTOBEGEIS
o0 O.M.T. 510 [-1, 1].

g) Av i cuvaptnen feiven rapayoyiowun oto [a, B.
T0T€ 1G)VEL TO Soprépucua Tov O.M.T. yia v f oo [a, B].

a7) Av e guvépmon f dev ikavonolel Ti¢ mpobmobicels Ton ©.M.T.
ato [a, B], tote dev vadpyal & < (a, B}, AoTE v gival
, f(p) - (o
B-«
. X* — X, av x>0 ,
&) Howvopmon fix) = . IKavomotel T1g mpoiino-
—X‘=x, oav x<0
Béoaig tov O.M.T. o100 [-1, 1].
n) T ™) sovdptnon f(x)=xe* vadpye £<(0, 1)
€010, Bots f'(E)=¢e.
, x+1, ov x>1
0) T cuvépmon f(x)=< . dev igyvouy
X°, oavxg]
ot Ipoiimobéce; tov ©.M.T. oto [0, 1].
1} Av i ouvépmon feival roepayayiown oto [0, 1] ko sivat
f(0) =0, té1e vapye & (0. 1} térowo, dote £(E) =f(1).

LA

LA

[1A

A

A



®EQPIA TTAPATQIOI (Mépog B)
®EMA 11

v} ‘Eoto juo suvapmon f opiopévn os éva didompa A. Av 1 f givan
ouveyns oto A kat £'(x) =0 y10 kabe 6mTEPIKO BNELD X TOV A,

1618 1 f elvan otefepr] o8 O)o 10 Do A. (Eeraosi; 2004)

B) H cuvaptnon f(x)=x eivar otabspt oo R.

¥) Avya o oovapmon 1A 5> R woyber £'(x)=0 yiaxabe xeA,

té1e 1 f givan 6Tabepn oo A.

8) AvnukdBe x e R eivan f'(x}=0, tote 0 f sivan otabeph 610 R .

£) Avn ouvvapmon f eivon otobepti oto R, 1018 kon iy cuvipnon
g(x)=f(x+1) eivon oTaBepn o0 R

O®EMA 12

o) Avyio kdfe x e R eivan £'(x) =f(x}, 1ot vndpyer otadepd ke R

tét010, GoTe Yo kG x € R v glvan f(x)=ke'.

) Mdvo n ouvapmon f{x)=e" wavomotei m oydon '{x}=F(x}).

7) Avyekdle x e R givon £7(2x)=1(2x). tote sivon f(x)=
8) AvykdBe x e R eivan £'(x)=f(x)+1, 16t f{x)=ce* -1,
g) Avywkdbe x e R sivar £'(x)=f(x), tote eivon f{x}=2c-e"

Tokade xeR,

®EMA 13

@) Av pur suvapon f eivar coveyig o Evo Sudotiue A
karwoyvel £'(x) =0 oe kdBe eomTEPKS onleio X ToL A,
tote y £ eival yvnoing ebivoucd oto A. (Eézrdon 2002)

By Av pa cuvdaptnon f eivol cuvexn og éva ddotnua A
Kat wytel 1°0¢) > 0 og xibe ecmTEpIK oMpEio X Tou A,
ot 1 f elvon yvnoimg adlovod ota A, (Ederdocig 2602)

¥) 'Eoto o sovépmon f, n onoia sivan quveric o Svo ddotypa A.
Av gytel £'(x) <0 oz kdbe somtepicd onueio X Tov A,
101€ 1 f glval yvnaieg abovon 6 6A0 0 A, (Elevaceg 2004)

§) Eoto ma cvvapmon £, n omola sival covexig oe éve Sidotua A.
Avigyber (x) >0 o8 kGe eswTEPIKG oMpeio X Tov A,
dte i T etven ywnotmg ofivouse 68 A0 T0 A, (Eferdoeic 2004

£) Eotm fwe covapryon coveyng of fva SIasTiie A Kol
ropuyeylon o Kiths ecwrepcd onueio X ou A. Av
cuvdptnon f sivon yynoiog avlovan ato A, 1618 {'(x) >0
6¢ K@le esmtepikd onpeio x Tov A, (Eerdonig 2007)

o1) Houwvipmon f{x)=¢e' givar yvnoing abéovea oto R .

+3

£) Hovvapmon £: [— 1:)—>R pe £(x)=-21px + L
2 X

glvan yymoiog avéovoa.

1n) Av v tig svveptiosg f.g: R - R o ') =g{(x)+2
e kéfe x € R, 1618 1 oovéption hix) = f(x) - g(x)
givar yynoing avovoe oo R,

9) Av f"(x) <0 vio kdBs x e B , 1618 N f eivin
ywneims plivovsa oo R.

0 Av 1y ouvapman f sivar opopévt) ote [a, B] keeiven £'(x)>0
T kGOE X € (o, B}, téte n f stvon yvisiog abéovsa oo [a, B].

) Av e cuviaptnon  eival ywelog abdovod ka napayoyicn oto K,

tote eivar ' (x)20 yiakdbe xR .

-5-
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®EQPIA TTAPATQIOI (Mépog B)

OGEMA 14
a) H ypogpu nopdotacn mg covaptyens f (x) =x+e'
TEUVEL povo pia popd tov dfova x'x |
B) To 1 siven 1y povodikd pilo e eéicmone x> +2x ~=3=0.
¥) Avnowvapmon f: R > R sival yyyoing povdrovn, téte
n e&icwon £(x)=0 éxet akpiPds pio mpayparucy Avon,
3) Avioyoet £(0)=0 xon '(x)>0 v kaBe x €[0,2], tote
1 e&lowon f(x)=-1 sivan adbvam oo [0,2].
£) Av f'(x)>0 ka g'(x} <0 oto (0,B), tote 010 [0, B] .

o1 Cp, €, £xovv 10 OAD Eva KOO onpeio.

AITANTHXEIX

Ol: AZAA 02: AAAY ©3:ZXAX

O4: AALY 05: XXXA 06: TAAAX

O7: ZAAXA  0O8: AXZXA

09: ZXXAXAZAYY  0O10: ZXAAXATZEAY
O11: ZAAZY 0O12: ZAAXE

O:13 AXAAAANZEZAANY ©14: ZEAZA

s

>

Clx

O A

LIA



®EQPIA TTAPATQIOI (Mépog B)
MAPATHPHZEIZ

Av 1 cuvdptnon f stvar mapoymyicyo) oto B woydouvv:

1. Meta&i dvo dwdoywav priav me T vrdpys pua tovidyiotov pila me .
2. Meradd o dwdoyikav piiov e 7 vadpyel pa 1o modd pide mg 1.
3 Avn f &yedbo pilec. toten ' £yer pa tovidnotov.

4. Av f éyer tpeig pidec, tote ) 17 £xe dVo TovhdyicTov piec ket £ puo Tov-
Mppotov pila {2 d00 gopés mopaymyic).

th

< Fevicd av i oovlpimon T oeivar x @opeg (x > 1) mapoveyioyn xew €xa1 K + 1
pilec. toten ' éxet uu tovkdyiotov pio.

6. Av f'(x) # 0 yiokdBs xR, toten f £xe o 1o noiw pile.

7. Av £"(x) 2 0 yiuxdbe xeR ., 10te 1 { €xe1 500 TO mOAD pilec.

o Av f:Ro R . 10teyiexdbe xeR oyiel
f'(x} = f(x) & fix)y = ¢c-¢'

P Eoto pua ovvapmon £:A S R.

e Avn ' pndeviletal og peploveopéve oNUElE X). Xa, ... Xy TOD A Kol SeTnpel
otefepd mpdonpo oto A = A—{X,. X, ... X} mrady f(x) > O ma kabe
xeA | f'(x) < 0 puakdbe xe A, 1012 f sivar ywmoing povétovn oto A

& To idw woyderdtavn ' devopiletmn o1a X,. X,, o X, GhAd N { eivan cvve-

W

MG G auTd.
P Onorts:

¢ Av f'(x) = ax’ +Px+y. a =0, e enadyn ' pndsvideton 1o TOAD o8

dvo onpeia, o va sivan:
e IR, apkel f'(x) 2 0 naxde xcR. Anhady A<0 xoa a>0.

o R, apkel f'(x) <0 yoxdde xeR. Andad A<0 ko a<O.

® Av ['(x) =1-nux, tote enadn np ' undeviferar oto pepovopdva onueie
2m+g, KeZ (nhoon oy oe dwoType) ko eivar  f'(x) 2 0y kdfs

xeR, éoupe fIT R,



OEQPIA TTAPAT'QI'OI (Mépog B)
Av o ouvpmon | siven optopévn 610 avoyto SuacTnua A Ko given mepaywyict-
un o° antd. Tére 1IHoLvY:

o AvT  Tapoucalel 610 Xy TOMIKG axpoTato, 0te f'{Xy)=0.
o Av X, €A Kt f'(xg)=0, té1e N [ dev MAPOUSIGLEL AKPOTUTO OTO X,
o Av yakdBe XEA wypst f(x)=0, té1En [ dav éyer axpdrata.

o Av X, €A xat f'(xy)=0, 1018 0  Sev MAPOLGIALEL VROYPEOTIKG AKPOTATO

610 Xp.
Y
o Av x, €A 101E dev eivorl 10080VONES O IPOTHGELS: C
f
«H { napovcidlel akp0TATo 610 X507 KOl ¢
«H epurtopévn mcg C; o100 Xp sival mapdiinin orov 1
déova XX ». ,
0 X
f(x)=xjx|+1

P e Av i ouvapmion f eiven kupt ¢ éva hidonua va
A, 107 y gpumTopevn g Cp o KGOe onpeio Tou
A Ppiloketon «xbtto» and mp Cr, pe etaipeon 10
GNpEI0 EMAPTS TOVC.
Anhodn yio kdBe x €A 1oyovet

, 0 %
f(x) 2 £(x,)+F(x,)x=x%,) X
(to = 1oyhel e X = Xg) Va
e Eudwka Ct .
Avn C; £QARTETOR GTOV X X OT0 Xp . TOTE \ /
f(x)20 ywakdbe xeA L\ ,
O T X

(0 = woydEL Yo X = Xq)

P ‘Eoto pia cuvaptnon T avvernc o éva SueTHe A Kol tapoyoyiciyr) 610 £6m-
TEPKO TOV A,
loyvouvv:

® (f xvptiioto A) & '] o010 comTepikd Tov A

. {f xolnoro A) = '] ot0 £cmTEPIKO TOL A

P Eoto pa cuvaptnon £ 1 onoix siven 890 @opés ropayeyici) 610 avotyto did-

ompa A,
Ioytouv:
f'(x) = 0 . , :
y . . . < (x,: Oéon onueiov kaprig)
N " edhaler apdonuo sxatépmbey Tov X,

® Avn f ropovcdler kapmh oto Xy, téte (X,) = 0.

Av f"(x,) = 0, woten  Sev TepouGIGLel Kapum 610 Xo.

Av f"(x) # 0, yuukdbe xe A, té6ten { dev mapovordlel kaumn oto A.

IMBavég BEcels onpeiwy kapmng eivan o pileg g 7 oto A

-8-



OEQPIA OAOKAHPQMATA

®OEMA 1
Na yapaxmpicers pe v évdeitn Zeeré | AdBog avTicTot M TH TUPUKETO.

To euPadov Tov yopiov rov aepuckeietar ard ™ ypopiky UpdcTaon g ov-
veyovg suvdpmong f oe éva Sudotnpa A ko omd g evbeieg v =0, x = a xm

x =P, omov a, B A, pe a<f, eivar ico pg IB fi(x)dx.

Av 1 ovvapmon f sivan coveg o éva hrdotnpa A xat oydel f(x) 2 0 yur
Kabe x € A, 01€ 0V @, P € A, Ba givay

jB £(x)dx 2 0

Av 1 ouvdpmion f eiven oovepig ot éve Sidamnua o, B ke 1oyden:
B
J‘ f(x)dx > 0

TOTE VIAPYEL Xg € [0, B], doTe f(Xe) > 0.

Av 1 f given suveig suvéptnen oto [, P], To1E IB f(x)dx|= Iﬂlf(x)ldx.

Av 11 ouvdpmon f sivan goveyng oto [o, B, to1E 1IoyYdEL
jB M(x)dx = xjff(x)dx, reR




OEQPIA OAOKAHPQMATA

OEMA 2
Na yapaxmpicers pe v évdeitn Zeeré | AdBog avTicTot M TH TUPUKETO.

Av f cuvaptnon cvveyne oto didotua [o, B] ko yia kaOe X € [a, F]

woyver f(x) >0 tote Lﬁ f(x)dx >0

Av a>f xa f(x)2016w [ f(x)dx=0

[ £ (0dx = [ f (u)du

Av T ovveync ocuvaptnon oo [a,B] tote T0 euPfadov E tov ympiov
mov oproBeteitor and tnv kKoumvAn Y=Ff(X) kot tov d€ova XX oo [a,p]

: . , B
dtvetan omd tov tomo E = I | f (X)|dx
a

Av f, g ovveyeic cuvaptioeig kol g(x) > f(X) VxeR, tote
t0 gpPadov E tov ympiov mov oprobeteiton amd tov aova y'y,
mv evbeia X = - 2 kot tig kKoumoreg y=Ff(X) , y=g(X) eivar

E= [, (19 - g00)dx

Etva jem—+ldx=ln(e+1)
1 xInx+1




OEQPIA OAOKAHPQMATA

OEMA 3
A. Eoww f po ovvepig ovvdmon o éva dudompa [a. B). Av G eival pux
napdyovca mg f ato [a, B], vo arodeitete dw:

[H(1)dr=G(B)-G (o).

B. N¢ yopoxmQioete TIc TROTGasLs mow axrolouBovy, yodgpoviag ™ AEEN Zootd 1
Adfog dimha oto yodupuo xov avuorouyel o wile mpdraa.
a)  Av g ouvaomon  eivol ovveyig e éva dudompa {o, B] xow oyved

f(x)20 vy xiBe xefa, B,
b
618 L f(x)dx=0,
B  Av pa ouvdomon f elval guveyis oe fva dudompe A xon o, B v A, tdte

\oyiEL J’ff(x)dx:'[(:f(x)dx+'{;f(x)dx‘

¥) Mg mv apotngBeon 6t ta ypndponowoipeva cupfola £xouy vdnua, ayiet

( jg(”f(t)dt]' _(g(x)¢(x).

o

8 Av dvo cuvapmijoeig {, g siven magoywy(OLUES Pe TUVELEIS TOOAYYOUS OF
éva dudompa [o, B téte woydie

[P0 (x)ax=[ £ (x0T, + [ (x)g(xax.



OEQPIA OAOKAHPQMATA

OEMA 4
A.  “Eow a guvdpmon f ovveyng oto duidotnua [a, B]. T ovopdovpe opiopgvo
ohoriiemuc g £ and 10 o oo § wau ms cuppohiteTar;

B. No yoponmploete Tig mpotdoels mov arokovBovy, yodgoviag ™) AEEN Zeotd 1
AdBog Sinha oto yodupa Tov avuctovkel ge wdle npdrao).

@ [or(om=—f oo

By Av f elvan ua ouveyris cuvdomaon o £va Suidomua A row aeA, 18Te 1)
ouvagTIoN

F(x}= L\ f{e)dt. xeA, givan ua magdyovoa ™g f oto A

v)  To eppadov tov ywpilov 2 mov MEQLKAE(ETU OO TLG YROQLHES TUQUOTATELS
dvo ouvapmicemy f, g mov elvon ouveyels oe Eva hudotpa [o. B] 1o Tig
gvBeleg x=o won x=f dveTon and Tov Tino

B
E(Q)= [ (£(x)-g(x)kx.
8 Av f elvon e guveyls cvvdgmon oe fva ddompa [a, B], tére 10
!’
oAOHA O J‘l t{x)dx eiven (0o pe to dBpotana Ty eufadov Twv yulny

nov Pploxovianl xdve ond 1ov dEove XX peiov 1o dlgolona tov epfaduv
TOV %IV OV PRITAOVICL RATW ¢nd Tov dZova X'X.



OEQPIA OAOKAHPQMATA

OEMA 5

A

“Eovw o guvagtnon f ouveyic oe $va ddomua [a, B] xa tétol, dore £(x)20

e ndbe xefa, B.

i
T ex@EALEL YEWPETRIHG TO OAOXAMQWUC _[a f(x)dx;

Na yooaxmpioste Tis IQOTROEL mTov arokovdovy, yodpoviag ) A6EN Zeoté 1
AdbBog dimha gTo yodupa Tov avtiatouyel a8 wdfe modrtaon.

By Avf gelvoun guveyeic ovvaptioeg oto Sedotua [a, B] wo h, peR, tdte

. b L¢P B
LoyveL L [M(x)+ng(x) kx = r-.j“ f(x)dx+ uL g(x)dx.
y) ‘Eoto f e ovveyiic ovvdoman o éva Stdompua [a, B]. Av £(x)20 ya
%i0e x<[a,B] ®ou n quvdpmon f dev ivan maveot pndév oro dudomue oautd,
. B
16tE LoyEL L f(x)dx>0.

&) Av e ovvdomon f elvan guvepic o éva dudomua [a, Bl. ote wiiel

[Pe(de=t(p)~t(a).



AITANTHXEIX
OGEMA 1: AAZAZ
OEMA2: AAZZXEX
OEMA 3 XAZA
OEMA4: XA X
OGEMAL XXX A
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